Abstract. Almost complete description of abelian groups (A, +, 0) such that every associative ring R with the additive group A satisfies the condition: every subgroup of A is an ideal of R, is given. Some new results for SR-groups in the case of associative rings are also achieved. The characterization of abelian torsion-free groups of rank one and their direct sums which are not nil-groups is complemented using only elementary methods.
Introduction
S. Feigelstock studied additive groups of rings whose all subrings are twosided ideals, which resulted in [8] . Such groups are called SI-groups. In [5] we have noted and corrected some inconsistencies in Feigelstock's paper and we have presented new results concerning the structure of SI-groups. The aim of the first part of that note is to continue our studies with stronger assumptions. Namely, we investigate abelian groups A such that every associative ring R with the additive group A satisfies the condition: every subgroup of A is an ideal of R. Such groups are called SGI-groups. We give a full description of torsion SGI-groups. We also prove that there does not exist any mixed SGI-group. Moreover, we prove that the only up to isomorphism torsionfree SGI-group which is not a nil-group, is the group of integers. Similar abelian groups were studied also by A.R. Chekhlov who did not assume the associativity of rings (cf. [6] ). Therefore, he obtained his result in a different way than we did (e.g., his main tool was the tensor product of abelian groups). It turns out that if [7, Conjecture 2.1.4 ] is true, then the associativity of rings, so important for many algebraists, does not matter for these groups.
SGI-groups are related to SR-groups studied, for example by A.M. Aghdam, F. Karimi and A. Najafizdeh in [2] . An SR-group is an abelian group whose all subgroups are subrings of any (not necessarily associative) ring defined on it. An associative ring R such that any subgroup of its additive group is a subring of R is called an S-ring (cf. [14] ). This work motivates the concept of the S-group understood as an abelian group with the property SR restricted to the class of associative ring. We prove some new results for S-groups which allow the conclusion that the properties SGI and S are equivalent. In particular, we prove that the concepts of SR-group and S-group are equivalent for torsion and mixed groups.
In the second part of the paper, we complement the characterization of abelian torsion-free groups of rank one which are not nil-groups. Since every abelian torsion-free group of rank one can be embedded into the group of rationals, we restrict our considerations to subgroups of the group of rationals. We introduce new simple tools which are useful to prove that a nontrivial subgroup A of the group of rationals is not a nil-group if and only if there exists a ring R = (A, +, * ) with a unity. Moreover, we give a simple tool useful to verify whether a direct sum of abelian groups of rank one is a nilgroup (cf. Proposition 4.9 and [7, Corollary 2.1.3]). Our proofs are much more elementary than the proofs previously known.
The topic has long history in algebra. At the same time, it does not lose relevance in modern science. First of all, we note that there are different articles which have been written not only by S. Feigelstock and A. Chekhlov but also by other algebraists lately: Pham Thi Thu Thuy, E. Kompantseva, (cf. [12, 13, 15, 16] ).
Symbols Q, Z, P, N stand for the field of rationals, the ring of integers, the set of all prime numbers, the set of all natural numbers understood as the set of all positive integers, respectively. In this paper, only abelian groups with a traditionally additive notation applied for them, will be considered. If A is an abelian group, then the torsion part of A and the divisible hull of A are denoted by T (A) and D(A), respectively. The set of all ring multiplication on A is denoted by Mult(A). If a ∈ A, then symbols o(a) and a stand for the order of a and the cyclic group generated by a, respectively. If {A i : i ∈ I}, where I = ∅, is a family of abelian groups and i ∈ I, then A i denotes the subgroup of i∈I A i such that the support of an arbitrary element of A i is contained in the set {i}. By Z(n) and Z n we denote the cyclic group of order n and the ring of integers modulo n, respectively. The two-sided ideal I of a ring R is denoted by I R. The symbol R + stands for the additive group of the ring R. If X ⊆ R, then the symbol [X] stands for the subring of R generated by X. Every abelian group (A, +, 0) can be provided with a ring structure in a trivial way by defining a * b = 0, for all a, b ∈ A. Such a ring is called a null-ring and it is denoted by A 0 . We assume that subrings of Q possess a unity. The sign function is denoted by sgn. The greatest common divisor of integers k and l is denoted by GCD(k, l). Throughout the paper the symbol · means the standard multiplication of the field Q.
We remind the reader that an abelian group A is called a nil-group (nil agroup) if on A there does not exist any nonzero (associative) ring multiplication. It follows from [5, Remark 2.6] and [7, Conjecture 2.1.4] that if the concepts of nil a -group and nil-group are not equivalent, then there exists a torsion-free nil a -group of rank more than one which is not a nil-group. The concept connected with nil-groups is a square subgroup which can be understood as follows: given abelian group A, the square subgroup A of A is the smallest subgroup B of A satisfying the condition: if R is any ring with
If we restrict our consideration to associative rings R with R + = A, then we write a A. More information about square subgroups is available in [1, 3] .
The next two section follow partially from results achieved in [5, 8] and they are related to the notion of SR-group introduced in [2] .
S -groups
We remind the reader that an abelian group A is called an SR-group if in every (not necessarily associative) ring R with R + = A any subgroup of A is an ideal of R. If we restrict our consideration to associative rings, then A is called an S-group. This name is associated with S-rings that were studied by J.D. O'Neill in [14] . Some generalizations of S-rings and S-groups were also partially investigated by S. Feigelstock in [9] under names C 2 -rings and SC 2 -groups. To the best of our knowledge, issues related to SR-groups and S-groups have never been researched thoroughly enough, so we give some facts of them below. Moreover, we prove some new results on S-groups and SR-groups which will be useful to prove that the concepts of the S-group and the SGI-group are equivalent. 
Proof. Since R 2 • M = {0}, there exist r 1 , r 2 ∈ R and m ∈ M such that (r 1 r 2 )•m = 0. It is easily seen that the function * : (A⊕M )×(A⊕M ) → A⊕M given by:
Hence T is not a subring of P and consequently A ⊕ M is not an S-group.
is not an S-group (that follows also from Theorem 2.1).
Theorem 2.5. An abelian torsion-free group A is an S-group if and only if either A ∼ = Z + or A is a nil a -group.
Proof. Suppose that A is a torsion-free S-group which is not a nil agroup. Let R be an associative ring such that R + = A and R 2 = {0}. It follows from [14, Lemma 2.5] that there exists an ideal I of R such that I 2 = {0} and
Hence, by Corollary 2.4 we get I = {0}. Therefore A ∼ = Z + . The opposite implication is obvious.
Remark 2.6. Notice that the above theorem is the partial answer to the question posed at the end of [2] . The answer is only partial, because we restrict our consideration to the class of associative rings.
Lemma 2.7. Let p and n be a prime and a positive integer, respectively. If A is a non-torsion abelian group, then G = Z + p n ⊕ A is not an S-group. 0) . Suppose, contrary to our claim, that (1, 0) = k(1, a), for some k ∈ Z. Then k1 = 1 and ka = 0. As o(a) = ∞ we have k = 0. Hence 0 = 1 in the ring Z p n , which is a contradiction. Thus, (1, a) is not a subring of R and consequently G is not an S-group.
The next lemma is a consequence of the construction of a ring multiplication given in the proof of [8, Theorem 10] . We present a complete proof for the transparency of the paper.
Lemma 2.8. Let p be a prime and let A be a non-torsion abelian group.
Proof. Take any x ∈ Z(p ∞
and a 1 , a 2 ∈ A, induces a nontrivial associative ring structure R on G. Since (0, a) * (0, a) = (x, 0) ∈ {0} ⊕ A, we infer that R is not an S-ring. Therefore G is not an S-group. Proposition 2.9. Let A be an S-group. Then A p is a direct summand of A for each prime p. In particular, if A is an S-group then A p is an S-group for each prime p.
Proof. Take any
and consequently A p is a direct summand of A. Now, suppose that H p = {0}. Since H p is a reduced group, it follows from [10, Corollary 27.3] that there exist n ∈ N and a subgroup K of A such that
, then we apply [10, Corollary 27.3] again to infer that Z(p n )⊕Z(p m ) is a direct summand of A for some m ∈ N. Thus, A is not an S-group, by Remark 2.2 and Corollary 2.4, which is a contradiction.
The last statement is a direct consequence of the first part of the proof and Remark 2.2.
Theorem 2.10. There does not exist any mixed S-group.
Proof. Suppose, contrary to our claim, that G is a mixed S-group. Then, it follows from Proposition 2.9 that there exists p ∈ P such that G p = {0} and G = G p ⊕ H, for some subgroup H of G. Moreover, G p is an S-group. Hence, by Theorem 2.1 we need only consider two cases:
, for some n ∈ N. Then G is not an S-group, by Lemma 2.7, which is a contradiction.
(ii) G p is divisible. Then Z(p ∞ ) ⊕ H is a direct summand of G, which is not an S-group, by Lemma 2.8. Thus G is not an S-group, by Remark 2.2, which is a contradiction.
Corollary 2.11. Since every SR-group is an S-group, we infer that there does not exist any mixed SR-group. Combining this with Theorem 2.5 and Corollary 3.4 we conclude that the concepts of SR-group and S-group are equivalent exactly if [7, Conjecture 2.1.4] holds.
Remark 2.12. Since Theorem 2.10 remains true for SC 2 -groups, we infer that in [9, Theorem 3.4] we can assume that n > 2.
SGI -groups
Definition 3.1. An abelian group A is called an SGI-group if every associative ring R with R + = A has the property that every subgroup of A is an ideal of R.
Remark 3.2. In [5] we have introduced a new necessary terminology to describe SI-groups. We remind the reader that an abelian group A is called an SI H -group, if every associative ring R with R + = A is an H-ring (i.e., an associative ring in which all subrings are two-sided ideals). Since we do not assume that rings are unital, ideals of them are subrings. Hence the property S, in conjunction with property SI H gives precisely the property SGI. For preliminary knowledge on SI H -groups we refer the reader to [5, 8] . (i) A is an SR-group; (ii) A is an S-group; (iii) A is an SGI-group. 
Nil -subgroups of the group of rationals
A main tool which is used to describe the subgroups of Q + is the theory of types (cf. [11, Chapter 85] ). We introduce new simple tools which are useful to verify whether a subgroup A of Q + is a nil-group or A = A. We will use only elementary number theory and very straightforward algebra. (iii) If ∅ = P ⊆ P, then p∈P
If * is any nonzero ring multiplication on B, then q 1 * q 2 = 0 for some q 1 , q 2 ∈ B. Let k i ∈ Z \ {0}, n i ∈ N satisfy GCD(k i , n i ) = 1 and q i = k i n i for i = 1, 2, and let q = 1 * 1.
Therefore (B, +, * ) is a subring of the field (Q, +, ) with x y = x · q · y (which is isomorphic to the field Q). Thus, every ring multiplication on A is commutative and associative. Directly from Remarks 4.1, 4.4 and 4.5 we obtain the following.
The next result shows that the description of non-nil-subgroups of Q + can be obtained in an elementary way, without using types and the tensor product of abelian groups.
Theorem 4.8. Let A be a nontrivial subgroup of Q + . The following conditions are equivalent:
+ , where x ∈ Q + and S is some subring of the field Q; (iv) there exists a ring R with a unity such that
, where t(A) denotes the type of A (cf. [11] , Chapter 85); (vii) there exists a ring R with R + = A such that R ∼ = n p
−1 i
: i ∈ I , for some n ∈ N and {p i : i ∈ I} ⊆ P such that GCD(n, p i ) = 1, for all i ∈ I; (viii) if B = n is a unity of that multiplication. This completes proofs of (ii) ⇒ (iii) and (iii) ⇒ (iv). If R is a ring with a unity such that R + = A, then R 2 = R so A = A. Moreover, every torsion-free ring of rank one is associative, so a A = A. This completes the proof of (iv) ⇒ (v). If (vii) holds, then A is not a nil-group, by [11, Theorem 121 .1], so B also is not a nil-group by the first part of Remark 4.2. Hence by already proved implication (i) ⇒ (ii) we infer (as above) that there exists n ∈ N such that x * y = x · n · y is a ring multiplication on B. Hence n(B · B) = B * B ⊆ B. This completes the proof of (vii) ⇒ (viii). To prove the implication (viii) ⇒ (i) suppose that A is a nil-group. Then B is also nil-group so
Proposition 4.9. Let I = ∅, let A i be a subgroup of Q + such that 1 ∈ A i , for each i ∈ I, and let A = i∈I A i . If A = {0}, then n (A i · A j ) ⊆ A k for some i, j, k ∈ I and n ∈ N. Moreover, if there exist i, j, k ∈ I and n ∈ N such that n (A i · A j ) ⊆ A k , then there exists an associative and commutative ring R with R + = A, which is not a null-ring. In particular, a A = {0}.
Proof. Let * denote an arbitrary nonzero ring multiplication on A. Then there exist i, j, k ∈ I and a, c ∈ A such that π k π i (a) * π j (c) = 0, where π t denotes the natural projection of A onto A t , for t = i, j, k. It follows from [11, Theorem 119.1] that there exists a ring R = D(A), +, such that (A, +, * ) is a subring of R. Let ϕ t be the natural injection of Q + into D(A) such that ϕ t (Q + ) is the t-th direct summand of D(A), for t = i, j, and let φ : A k → A k be the natural isomorphism. Define ϑ = φ • π k and q 1 q 2 = ϑ ϕ i (q 1 ) ϕ j (q 2 ) for all q 1 , q 2 ∈ Q + . As ϑ, ϕ i , ϕ j are additive homomorphisms and is a nonzero ring multiplication we infer that is a nonzero ring multiplication on Q + . Hence by Remark 4.2 there exist 0 = l ∈ Z and m ∈ N such that q 1 q 2 = q 1 · l m · q 2 for all q 1 , q 2 ∈ Q + . Let s = sgn(l) · m. Then the ring multiplication on the group Q + given by q 1 q 2 = q 1 · |l| · q 2 , for all q 1 , q 2 ∈ Q + , is the s-th multiple of in the group Mult(Q + ). Hence, for all x ∈ A i and y ∈ A j we have |l|(x · y) = x y = s(x y) = sφ π k π i ϕ i (x) * π j ϕ j (x) ∈ A k . Thus it is sufficient to put n = |l|. If A i = {0} for some i ∈ I, then the assertion is obvious. Suppose that A i = {0} for all i ∈ I. It follows from Theorem 4.8 that we can exclude the case i = j = k. Therefore we need only consider three cases:
(i) i = j and i = k. Then (a 1 , c 1 ) * (a 2 , c 2 ) = 0, n(a 1 · a 2 ) is a nonzero commutative ring multiplication on A i ⊕ A k . If R = (A i ⊕ A k , +, * ), then R * (R * R) = (R * R) * R = {0} so R is an associative ring. Since the group A i ⊕ A k can be embedded into A in a natural way, we are able to construct an associative and commutative ring S with S + = A using the natural projection of A onto A i , the multiplication * defined above and the natural injection of A k into A. Therefore the assertion follows.
(ii) i = j and k = i. Then n (A i · A j ) ⊆ A i . As 1 ∈ A i we get A j ⊆ A i · A j so nA j ⊆ n(A i · A j ). Hence n 2 (A j · A j ) = n (nA j ) · A j ⊆ (A i · A j ) ⊆ A i and the assertion follows from (i) of that proof. 
